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Summary The method of generalized moments (GM) is investigated for parameter and quan-
tile estimation in the 2-parameter log-logistic (LL2) model. Point estimators for the shape and
scale parameters and quantiles are derived. Asymptotic variances and covariances for these
estimators are presented, along with simulation results on the performance of the GM method
versus the methods of generalized probability weighted moments (GPWM), of maximum likeli-
hood (ML), and of classical moments applied to Y = lnX. The GPWM and ML methods have
already been investigated by the authors. Some mathematical properties of the LL2 model
and some relationships between GM and GPWM are highlighted. The simulation results show
the GM method to outperform the other competitive methods in the LL2 case, when moment
orders are appropriately chosen. It is also shown that a mixture of moments of positive and neg-
ative orders is needed for optimal estimation under an LL2 model, and how this mixture can be
implemented using the GM method. However, further research into the area of optimal choice
of moment orders is still needed. Mixing positive and negative moments in the estimation is
demonstrated by a hydrological example involving low stream flow.
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Introduction

Statistical frequency analysis using probability distributions
is widely employed in hydrology for estimating the relation
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between the magnitude and occurrence frequency of vari-
ous hydrological events. A procedure commonly used in-
volves: (i) selecting a sample of values of the hydrological
variable that satisfies the criteria of randomness, indepen-
dence, homogeneity and stationarity; (ii) fitting a probabil-
ity distribution to this sample by an appropriate fitting
method, and (iii) using this fitted distribution to make sta-
tistical inferences about the underlying population.

Following the publication of the Flood Estimation Hand-
book (FEH) in the UK (IH, 1999) and the recommendation
of the generalized logistic (GL) distribution as the standard
d.
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for flood frequency analysis in that country, the use of this
distribution has increased in popularity in hydrology. The GL
distribution, as used in the FEH, is in fact a generalization of
the 3-parameter log-logistic (LL3) distribution, which had
earlier been examined by Ahmad et al., 1988) in an at-site
and regional study involving Scottish flood data. Ahmad
et al., 1988) compared the LL3 distribution to the GEV,
the 3-parameter lognormal, and the Pearson type 3 models,
and found that the LL3 model performed ‘‘extremely well’’
compared to these other models, according to a set of cri-
teria chosen by the authors. For the exact relationship be-
tween the GL, LL3 and logistic distributions, the reader
may refer to the two studies: Kjeldsen and Jones (2004),
and Ahmad et al., 1988). From these two studies, it can
be deduced that the LL3 distribution of Ahmad et al.,
1988) is a special case of the GL distribution (corresponding
to the case k < 0, according to the notation by Kjeldsen and
Jones (2004)).

On the other hand, Shoukri et al., 1988) showed a good
fit of the 2-parameter LL model (LL2) to precipitation data
from various Canadian regions. More recently, Ashkar and
Mahdi (2003) also compared the LL2 model to the 2-param-
eter lognormal, the 2-parameter Weibull, and the extreme
value type 1 distributions for fitting maximum annual
stream flow data. This comparison showed the good fitting
potential of the LL2 distribution to a large data set (114
hydrometric series). In a separate study, various 2-parame-
ter distributions were also considered by Ashkar et al.,
2004) for fitting low stream-flow data by the deficit-be-
low-threshold (DBT) approach, as will be described in
‘‘Hydrological example’’ of the present study. Following
that study, in which seven types of distributions were con-
sidered, the LL2 distribution was one of the models recom-
mended for fitting low-flow volume, intensity and duration.

Among the methods used to fit statistical distributions to
hydrological data, the maximum likelihood (ML) method has
long been considered important, due to its asymptotic effi-
ciency. On the other hand, the method of moments (MM)
has been popular due to its ease of application, and the
method of probability-weighted moments (PWM) (Green-
wood et al., 1979; Hosking et al., 1985; Hosking, 1986)
has been quite widely applied as an alternative to the MM
and ML methods.

In 2001, Rasmussen proposed a ‘‘generalization’’ of the
PWM method, which he called method of generalized prob-
ability weighted moments (GPWM), and applied this method
to the 2-parameter Pareto distribution (although according
to a referee, this ‘‘generalized’’ PWM method was the
one originally proposed by Greenwood et al., 1979). Ashkar
and Mahdi (2003) developed the GPWM for the LL2 distribu-
tion, and compared it to the ML method.

In the present study, we will develop the method of gen-
eralized moments (GM) for parameter and quantile estima-
tion under an LL2 model. Point estimators will be derived
and asymptotic variances and covariances of these estima-
tors will be presented. Simulations will also be performed
to compare the GM, GPWM and ML methods, along with
the method of ‘‘log-moments’’ (LM), which is the classical
method of moments applied to the logistic random variable
Y = lnX. Special attention will be paid to the flexibility of
moment orders that can (and should) be used to fit statisti-
cal distributions to observed data. We will also make some
comparisons between the GM and GPWM approaches to
parameter estimation and, along the way, point out some
interesting results concerning the LL2 distribution.

We will organize the paper as follows. In ‘‘GM versus
GPWM’’, we will make some comparisons between the GM
and GPWM methods for parameter estimation and in ‘‘Gen-
eralities concerning LL2 and estimation using GM’’ will give
some generalities concerning the LL2 distribution and devel-
op the necessary theory for GM estimation under this model.
‘‘Comparison of the GM, GPWM and ML and LM methods’’
will present some simulation results that compare the GM,
GPWM, ML and LM methods, and ‘‘Hydrological example’’
will contain a hydrological example. Finally, ‘‘Conclusion’’
will be devoted to some concluding remarks. We will pres-
ent the asymptotic variances and covariances of parameter
and quantile estimators obtained by the GM method under
an LL2 model in Appendix.

GM versus GPWM

In the next section, we will mathematically develop the GM
method specifically for the LL2 distribution. However, we
will start in the present section by making some basic reflec-
tions on the GM and GPWM methods, as applied to any
distribution.

To estimate the parameters of a distribution, the studies
by Rasmussen (2001), and by Ashkar and Mahdi (2003), used
PWMs of the form

Ml;r ¼ E½XlFr� ¼
Z 1

�1
xlFrðxÞfðxÞdx; ð1Þ

where X is the hydrological continuous variable whose distri-
bution is being estimated and F is the cumulative distribu-
tion function (cdf) of X, (Rasmussen’s study also
considered PWMs of the form E[Xl(1 � F)r]). The PWM and
GPWM methods are computationally practical when the in-
verse of F can be calculated analytically, and the integral
in (1) can be evaluated to yield an analytical expression of
PWMs, as functions of distribution parameters. However,
it is worth noting that, once Ml,r in (1) is calculated, it
serves as a direct basis for applying not only the GPWM
method, but also the GM method, as it will clearly be seen
in the following section. The GM method has been earlier
used in hydrology, for instance, by Ashkar and Bobée (1987).

The idea behind the PWM and GPWM methods is to obtain
parameter estimates by equating PWMs (Ml,r), to sample
PWM estimates ðM̂l;rÞ, and solving the resulting system of
equations for the distribution parameters. In the ‘‘tradi-
tional’’ PWM method, r values are chosen to be nonnegative
integers that are as small as possible, so for a 2-parameter
distribution, this method involves consideration of r = 0 and
r = 1 in (1) (with l = 1). In the ‘‘GPWM’’ method on the other
hand (as called by Rasmussen, 2001), r has neither to be
small, nor a nonnegative integer.

PWM and GPWM applications have restricted attention to
the case where l = 1 in Eq. (1), i.e., they have used only
PWMs of the form Ml,r;l=1 in the estimation. The justification
often provided for this restriction, is that using moments of
X, that are of order greater than 1, ‘‘should be avoided’’.
On the other hand, in the classical method of (product) mo-
ments, as well as in the method of generalized (product)
moments (GM), which is the subject of the present paper,



696 F. Ashkar, S. Mahdi
moments of order different from 1 are involved. Thus,
whereas the GM method considers moments of the form
Ml,r;r=0 = E[XlF0] = E[Xl], the GPWM method considers mo-
ments of the form Ml,r;l=1 = E[XFr]. In the GM method, the
power l, of X, acts as a weight applied to the sample values,
whereas in the GPWM method Fr plays this same role.
Generalities concerning LL2 and estimation
using GM

Hereafter, we shall denote the LL2 distribution as ‘‘LL’’, for
simplicity. In the present section, a few equations that have
already been presented in Ashkar and Mahdi (2003) will be
repeated, because they serve as a basis for applying both
the GPWM and GM methods.

The relationship of LL to the logistic distribution is the
same as that of the lognormal (LN2) to the normal distribu-
tion. The logistic density curve, like that of the normal, is
bell shaped and symmetrical, but has thicker tails, as com-
pared to the normal. Adding a location parameter to LL, to
get LL3, is the same as adding a location parameter to LN2
to obtain LN3. Probably, the most popular use of the logistic
distribution is in a certain type of regression called logistic
regression. This type of regression is used in situations
where one is concerned with a response variable Y which
is dichotomous (i.e., taking one of two values: ‘‘1’’, repre-
senting ‘‘success’’, or ‘‘0’’, representing ‘‘failure’’) rather
than continuous (whereas in ordinary regression, Y is as-
sumed to be continuous). If one would like to estimate
the probability p of success, with the help of some explan-
atory variables, a popular way would be to use logistic
regression. We believe that such type of regression (see,
e.g., Kutner et al., 2004) needs to be investigated more clo-
sely for possible applications in hydrology, because it has al-
ready received numerous useful applications in other fields.
However, logistic regression models will be outside the
scope of the present study.

The cumulative distribution function (cdf) of the LLmodel
is given by

FðxÞ ¼ ðx=aÞb

1þ ðx=aÞb
; x > 0; a > 0; b P 1; ð2Þ

where a is a scale parameter and b a shape parameter. In
fact, the shape parameter b in Eq. (2) could be chosen such
that b > 0, but for 0 < b < 1, the mean of the distribution
does not exist, so we have chosen to consider only the case
b P 1, as has been done by Shoukri et al., 1988). The corre-
sponding probability density function (pdf) of the LL distri-
bution is given by

fðxÞ ¼ ðb=aÞðx=aÞ
b�1

½1þ ðx=aÞb�2
. ð3Þ

The quantile xT, corresponding to return period T, is ob-
tained by solving the equation

T ¼ 1

1� FðxTÞ
ð4Þ

for xT, in terms of T. This solution yields:

xT ¼ aðT � 1Þ1=b. ð5Þ
It is therefore readily noted that the LL model has a cdf and
inverse cdf that are quite simple mathematically.

It is also rather easy to calculate Ml,r for the LL distribu-
tion. The result, from Ashkar and Mahdi (2003), is given by

Ml;r ¼
Z 1

0

al F

1� F

� �l=b

Fr dF ¼ alBðr þ 1þ l=b; 1� l=bÞ; ð6Þ

where B(Æ,Æ) stands for the Beta function. As noted before,
this calculation of Ml,r serves as a basis for applying both
the GPWM and GM methods. Note also, that for Ml,r in (6)
to exist, we need to have r > �1 � l/b, and l/b < 1.

Ashkar and Mahdi (2003) discussed the choice of r (power
of F) in Eq. (6). However, in the GM method, r is taken equal
to 0, and l is taken as arbitrary, as previously discussed.
Therefore, in order for (6) to be defined, we need to have
�b < l < b in the GM method.

Another interesting property of the LL model is now
readily apparent: positive and negative order moments exist
for this model in a symmetrical fashion, over the interval
(�b,b). In other words, if the moment of order +l exists,
then the moment of order �l also exists. Therefore, one
may argue that positive moments need not have preference
over negative moments under an LL model.

Now taking r = 0 in (6), yields

Ml;0 ¼ alBð1þ l=b; 1� l=bÞ ð7Þ

¼ allp
b sinðpl=bÞ ; �b < l < b; ð8Þ

where (8) is obtained from (7) by use of Eq. 6.1.17 of Abra-
mowitz and Stegun (1970).

To apply the GM method, we use Eq. (8) and choose two
values of l: l = l1, l2, not necessarily integers, nor positive,
to form two equations from which the estimators of a and
b are calculated. Note that in the classical method of mo-
ments (MM), we simply take l1 = 1 and l2 = 2. However, in
the GM method we allow l1 and l2 to be positive or negative,
which provides more flexibility in assigning weights to the
two tails of the sample distribution.

Taking l = l1, l2 (l1 5 l2), in Eq. (8), we obtain the system
of equations:

Ml1 ;0 ¼
al1pl1

b sinðpl1=bÞ
ð9Þ

and

Ml2 ;0 ¼
al2pl2

b sinðpl2=bÞ
. ð10Þ

Solution of these two equations is equivalent to first solving
the following equation numerically for b:

Ml2 ;0 ¼ l2l
�l2=l1
1 ðp=bÞðl1�l2Þ=l1

� ½Ml1 ;0 sinðpl1=bÞ�
l2=l1 ½sinðpl2=bÞ��1 ð11Þ

and then calculating a explicitly from the following
equation:

a ¼ ½bðpl1Þ�1Ml1 ;0 sinðpl1=bÞ�
1=l1 . ð12Þ

The quantile estimator X̂T is then obtained from Eq. (5) by
replacing a and b by their respective estimators.

Another moment that is often of interest in estimating
the parameters of a statistical distribution is the geometric
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Figure 1 Log-logistic probability density function for shape
parameter b = 1.5, 3 and 6.
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mean, g, or its natural logarithm, lng. According to Ashkar
and Bobée (1987), lng is the moment of order ‘‘quasi-
zero’’, because it corresponds to the moment Ml,0, as l
tends to zero. This moment is usually denoted by M0,0

(Ml,0, ‘‘l = 0’’). But since the natural logarithm of the geo-
metric mean (g) of a random variable X, is the arithmetic
mean of Y = lnX, we may write:

l ¼ 0 : M0;0ðXÞ ¼ ln g ¼ M1;0ðYÞ; Y ¼ ln X. ð13Þ

In the case of the LL distribution, the moments of order qua-
si-zero for the sample, and for the population, are respec-
tively given by:

ln x ¼ �y ¼ 1

n

Xn
i¼1

lnðxiÞ; ð14Þ

M0;0ðXÞ ¼ M1;0ðYÞ ¼ ln a. ð15Þ

The parameters of the LL distribution may be estimated by
using the moments of order 0 and 1 of X (geometric mean
and arithmetic mean of X), which is equivalent to using
the arithmetic mean of X, and the arithmetic mean of
Y = lnX. This method will be denoted by GM(0,1). This
‘‘mixing’’ of moments of X and lnX in the estimation, has
already been done by Rao (1980), and by Ashkar and Bobée
(1987), among others. Application of the method GM(0,1) to
the LL distribution is done according to the following two
steps:

1. estimate a explicitly using a ¼ expðln xÞ;
2. calculate b numerically by the equation �x ¼ ðap=bÞ=

sinðp=bÞ that derives from Eq. (8) for l = 1.

Another estimation method that needs to be considered
is the LM method, which is the classical method of moments
applied to the logistic random variable Y = lnX. In this meth-
od, a and b are estimated respectively using a ¼ expðln xÞ
and b ¼ p=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3½ln2x � ðln xÞ2�

q
.

In Appendix, we derive the asymptotic covariance matrix
of ðâ; b̂Þ and the asymptotic variance of X̂T, for the GM
method. The corresponding derivations for the GPWM and
ML methods were given in Ashkar and Mahdi (2003).

Comparison of the GM, GPWM and ML and LM
methods

The results derived in Appendix are useful for studying the
variances and covariances among parameter and quantile
estimators, when the sample is large. However, as many
studies have shown, such asymptotic results are seldom
quite accurate with small samples typically encountered in
hydrology. With such small samples, numerical studies need
to be performed, which can nonetheless be also designed to
include large samples.

A simulation study was carried out, with several sample
sizes n, shape parameters b of the LL population, and return
periods T. With no loss of generality, the scale parameter a
was set equal to 1. The values n = 10, 15, 30, 60, 120, 240,
480, 960 were chosen, along with the values: T = 10, 50,
100, 200 and b = 1.5, 3, 6. These are the same simulation
parameters chosen by Ashkar and Mahdi (2003) to compare
the GPWM and ML methods. The chosen b values account
for different shapes of the LL distribution, as shown in
Fig. 1. We shall only report results for n 6 120, since larger
samples are seldom encountered in hydrology.

The simulation was designed to consider moment orders
l1 and l2 between �0.99 and 0.99, in steps of 0.05. However,
the study readily showed that it was sufficient to consider
the closed interval [�0.95,0.95]. No orders outside the
open interval (�1,1) were considered because from Eq.
(8), the value of l should be within the interval (�b,b),
and since b P 1 (Eq. (2)), the interval (�1,1) is the only
one suiting all allowable b values. One objective was to
identify moment orders (l1, l2) in the range (�1,+1) that
provide optimal parameter and quantile estimates by the
GM method.

For each combination of n, b, and order pair (l1, l2), 1000
LL samples were randomly generated, but for smaller sam-
ple sizes (n = 10,15) 5000 samples were generated. The root
mean square errors (RMSEs) for the a, b and quantile esti-
mates were then calculated. Note that the conditions given
in equations (A.4) through (A.6) of Appendix would restrict
the values of l1 and l2 to the global interval (�0.5,0.5).
However, it is always possible to compute empirical RMSE,
provided only the existence of parameter or quantile esti-
mates. The bisection method, (Zachary, 1998) which is com-
putationally very simple, was successful for calculating GM
estimates.

Focus was on estimating quantiles and the shape param-
eter b of the LL distribution, since they constitute the
main interest in hydrology. Optimum RMSE results with re-
spect to order pairs (l1, l2) using the GM method were ex-
plored, and attention was given to the methods GM(1,2)
(classical method of moments), GM(0,1), and LM, as de-
scribed earlier. The simulations led to the following main
conclusions:

1. For estimating b, Ashkar and Mahdi (2003) had found that
the GPWM method almost always provided better results
than the ML method, when optimum powers of F were
used in the GPWM method. However, the difference
between the two methods became negligible as the sam-
ple size increased. Hereafter, when optimum order pairs
(l1, l2) are used with the GM method, the resulting
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method will be denoted by ‘‘GM-opt’’. Similarly, when
optimum powers of F are used with the GPWM method,
this will be denoted by ‘‘GPWM-opt’’. The simulations
of the present study showed that the GPWM-opt method
outperforms the GM-opt method and the ML method (in
that order), only when the sample size is relatively small
(n < 50). For n greater than about 50, the GM-opt, GPWM-
opt and ML methods show similar performance (with a
slight out performance by the GM-opt method). These
results can be seen from Fig. 2(a)–(c), which presents
relative RMSE (i.e., RMSE(b)/b). This figure also shows
that the GM-opt, GPWM-opt, and ML methods, outper-
form the LM, GM(0,1) and GM(1,2) methods. Note also
that GM(1,2) is not represented in Fig. 2(a), because
for b = 1.5, the GM(1,2) method is not applicable
[moment of order l = 2 does not exist, by Eq. (8)]. From
Fig. 2(a)–(c) it can also be seen that relative RMSE for b
decreases as b increases.

2. For estimating quantiles XT, Ashkar and Mahdi (2003) had
found that the GPWM-opt method provided better results
than the ML method only for very small sample sizes, and
small b, i.e., when the distribution was quite asymmetri-
cal. The simulations of the present study have shown
that the GM-opt method provides better results than
both the GPWM-opt and ML methods. This conclusion
can be seen from Fig. 3(a)–(c), which displays
RMSE(XT)/XT for the case T = 100. For other T values,
similar results were obtained, but are not reported.
Fig. 3(a)–(c) also shows that the GM-opt, GPWM-opt,
and ML methods, generally outperform the LM, GM(0,1)
and GM(1,2) methods (note again that GM(1,2) is not
represented in Fig. 3(a), for the same reason specified
earlier). From Fig. 3(a)–(c) it is also seen that relative
RMSE for XT decreases as b increases.

Optimal order pairs (l1, l2) for GM are reported in Table 1
for estimating b, and in Table 2 for estimating XT, T = 100.
The GM-opt method seems to perform well for estimating
b (Fig. 2(a)–(c)), especially when the sample size is quite
large (n > 50). It is also interesting to note that this method
performs well for estimating quantiles XT, for all sample
sizes, all b values, and all T values considered. This can be
seen from Fig. 3(a)–(c), for T = 100. From Tables 1 and 2,
it is also readily noted that a mixture of both positive and
negative orders (l1, l2) are needed for an optimal estimation
of both b and XT, by the GM method.

We have also attempted, as was done by Rasmussen
(2001), to determine some kind of analytical rule for finding
the optimal orders (l1, l2), to use with the GM method.
Unfortunately, we did not succeed in this, since the optimal
order values were found to change rapidly as the sample
size and/or the b values were changed. Further research
focusing into this specific area of optimal choice of orders
(l1, l2) is still needed.

Hydrological example

In managing water resources, scientists and engineers often
have to handle conflicts between water demand and water
availability during periods of low stream flow. Hydrometric
data serve to estimate frequencies of various characteris-
tics of low flows in rivers. A method used to estimate
low-flow frequency, bases the analysis on extreme low
flows, by considering only the most severe event within a
time interval, such as the year. However, in order to better
characterize low flows in terms of their duration (D), vol-
ume (V), and/or intensity (I), the deficit-below-threshold
(DBT) approach seems to be more appropriate (e.g., Sen,
1980; Zelenhasic and Salvai, 1987; Ashkar et al., 2004).
This method analyses all flows below a chosen threshold;
and 2-parameter distributions such as LL, are the ones typ-
ically needed in applying this method.

Ashkar et al., 2004) used statistical distributions to study
low stream flows in Atlantic Canada by the DBT approach. In
this region of Canada, the occurrence of low stream flow has
important environmental and economic implications, par-
ticularly in relation to the protection of aquatic habitat
(Caissie and El-Jabi, 1995). Thirty-one hydrometric stations
were analyzed by the DBT approach, and the results have
been reported by Ashkar et al., 2004). The threshold value
chosen for the analysis was the median flow for the month
of August. Various 2-parameter distributions were consid-
ered for fitting low-flow data. Following that analysis, in
which a total of seven distributions were considered, the
LL distribution was one of the distributions recommended
for fitting low-flow volume (V), intensity (I) and duration
(D).

The low-flow variable that we will consider here, as an
example, is the volume (V) of low-flow events, expressed
in m3/s days, where V was defined as the cumulative stream
flow deficit for the duration of the low-flow event.

We will consider hydrometric Station 01AE001 on the Fish
River, near Fort Kent, New Brunswick, Canada. This station
drains an area of 2260 km2. During the period 1981–1999,
there were n = 42 low-flow events below the threshold dis-
charge of 13.237 m3/s, which represents the median flow
for the month of August. Some sample statistics are: sample
size = 42; mean = 166.3 m3/s days; median = 123.5 m3/s
days; standard deviation = 181.5 m3/s days.

Application of the ML method to the data gave the
parameter estimates â ¼ 100:36, and b̂ ¼ 1:45. Fig. 4 shows
the LL fit to the data by the ML method (along with some
other methods). Different powers (r1,r2) of F were also used
with the GPWM method in order to identify pairs (r1,r2) that
provide adequate fit to the data. Ashkar and Mahdi (2003)
observed that negative powers of F are often needed to re-
duce quantile estimation error by the GPWM method. Fitting
the data using the order pairs (r1,r2) = (0.5,1.5); (0,1);
(�0.5,0.5); (�1,0); and (�1.5,�0.5), for example, showed
that the last two order pairs provided the best fit to the
data, especially in the distribution tails. In fact, the order
pair (�1.5,�0.5) gave the best fit in the distribution tails,
but the pair (�1,0) provided a slightly better fit in the cen-
tral part of the data. As expected, different order pairs gave
significantly different fits to the data, because each method
assigns different weights to the two tails of the sample dis-
tribution. Fig. 4 presents some fits to the data by the GPWM
method, and Table 3 displays some of the â and b̂ values
obtained.

It is observed from Table 3 that the majority of b̂ values
obtained by the various methods are smaller than 2, which
could be taken as an indication that the b value of the
hypothesized LL population is smaller than 2. From Eq.
(8), this implies that the second moment of the population
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Figure 2 (a)–(c) Relative RMSE for estimates of b. (a) b = 1.5; (b) b = 3; (c) b = 6.
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does not exist, which in turn implies that estimation by the
classical MM method [i.e. GM(1,2)], cannot be used. How-
ever, other versions of the GM method are applicable,
including ones that mix moments of positive and negative
orders, as recommended in the previous section, as well
as the methods GM(0,1) and LM. A visual inspection of a
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Figure 3 (a)–(c) Relative RMSE for estimates of XT, T = 100. (a) b = 1.5; (b) b = 3; (c) b = 6.
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set of order pairs (l1, l2) showed that pairs such as
(�0.5,0.5) and (�0.65,0.15) provided a substantially better
fit to the data than pairs such as (�1,0.5) or (�1,1) or (0,1).
As with the GPWM method, use of different order pairs
(l1, l2) in the GM method gave significantly different fits to
the data because each method assigns different weights to



Table 1 Orders l1 and l2 that provide the best performance
of the GM estimator for b in the case n = 10, 15, 30, 60, 120;
b = 1.5, 3, 6

n b l1 l2

10 1.5 0.65 �0.40
3 0.65 �0.40
6 0.15 �0.90

15 1.5 0.35 �0.20
3 0.45 �0.50
6 0.05 �0.90

30 1.5 0.35 �0.20
3 0.55 �0.55
6 0.35 �0.30

60 1.5 0.20 �0.20
3 0.45 �0.40
6 0.80 �0.75

120 1.5 0.10 �0.25
3 0.35 �0.45
6 0.05 �0.90

Table 2 Orders l1 and l2 that provide the best performance
of the GM estimator for XT, T = 100, in the case n = 10, 15,
30, 60, 120; b = 1.5, 3, 6

n b l1 l2

10 1.5 0.25 �0.65
3 0.35 �0.95
6 0.50 �0.70

15 1.5 0.30 �0.80
3 0.60 �0.60
6 0.10 �0.25

30 1.5 0.05 �0.90
3 0.90 �0.95
6 0.35 �0.40

60 1.5 0.15 �0.65
3 0.15 �0.55
6 0.75 �0.45

120 1.5 0.40 �0.25
3 0.20 �0.35
6 0.65 �0.70
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Observed

Figure 4 Log-logistic fit to low flow volume data by different
fitting methods.

Table 3 Some estimates (â, b̂Þ obtained
Method â b̂

ML 100.4 1.449
GPWM(�1.5,�0.5) 60.81 1.386
GPWM(�1,0) 81.13 1.633
GPWM(�0.5,0.5) 92.25 1.789
GPWM(0,1) 101.3 1.918
GPWM(0.5,1.5) 109.2 2.03
LM 93.47 1.522
GM(0,1) 93.47 1.795
GM(�1,1) 84.15 1.668
GM(�1,0.5) 91.84 1.59
GM(�0.5,0.5) 90.564 1.56
GM(�0.65,0.15) 93.01 1.512
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the distribution tails. Fig. 4 shows the fit to the data by the
GM(�0.5,0.5) method and Table 3 displays some â and b̂
values obtained using GM.

Suppose that the user decides to estimate the event with
return period T = 100, by the GM(�0.5,0.5) method. The
values â ¼ 90:564, b̂ ¼ 1:56 (Table 3), and T = 100, are
substituted into Eq. (5), to give the estimate x̂T ¼
1722:7 m3=s days. Eq. (A.1) of Appendix is then applied to
give VarðâÞ ¼ 338:2; Varðb̂Þ ¼ 0:0604; and Covðâ, b̂Þ � 0.
Substituting these into Eq. (A.9) of Appendix, gives a stan-
dard error of x̂T equal to 872 m3/s days. It should be
stressed, however, that this standard error is only approxi-
mate, because it is based on asymptotic theory. Research
is still needed for the development of small-sample meth-
ods that are capable of better quantifying the error of esti-
mation of distribution quantiles, by the GM and other
estimation methods.

Conclusion

After analytically deriving GM parameter and quantile esti-
mators for the LL distribution, a numerical analysis of the
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performance of this method was carried out. A comparison
with competitive estimation procedures, namely, the
GPWM, ML and LM methods, was done. Relative root mean
square error was used as performance index. The study re-
vealed that when optimal order pairs (l1, l2) are used, the
GM method provides competitive results for estimating the
shape parameter b, especially when the sample size is large
enough, say, n > 50. Moreover, GM results for estimating
quantiles, were competitive throughout. It was also noted
that a mixture of positive and negative orders (l1, l2) were
needed for an optimal estimation of b, and of quantiles.

The hydrological example showed that the fit of a model
such as LL by GM, or by GPWM, depends significantly on the
choice of moment orders (or powers of F) that are used. Use
of moments of negative order in the estimation can improve
the estimation significantly. However, a concrete analytical
rule for finding optimal orders (l1, l2) is not yet available,
which points to a challenging area of research that deserves
further attention.

In certain hydrological applications, 2-parameter distri-
butions are the most appropriate in the modeling, as dis-
cussed in the applications section of this study. In other
types of applications, where more parameters are needed
in the modeling, the 3-parameter log-logistic (LL3) distribu-
tion (the relationship between LL3 and LL has been described
earlier), or the generalized logistic (GL) distribution (see,
e.g., Hosking, 1994), may be useful candidates. The GL dis-
tribution (3 parameter) is a special case of the 4-parameter
Kappa distribution (Hosking, 1994), and the logistic distribu-
tion (2 parameter) is a special case of GL.

For certain probability distributions, especially those
that take both positive and negative values, negative-order
moments do not exist, and therefore they cannot be used in
GM-based estimation. One interesting feature of the LL dis-
tribution is that positive and negative order moments exist
in a symmetrical fashion, over the interval (�b,b), as we
pointed out earlier.

It is finally worth mentioning that the simple bisection
method was successful in numerically obtaining parameter
estimates for the LL distribution by the GM method. Our
numerical studies were carried out with Mathematica,
Gauss (Unix Version 3.2.42) and SPSS Release 11. Figs.
2(a)–(c) and Fig. 3(a)–(c) were produced using Minitab.
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Appendix

We derive hereafter the asymptotic covariance matrix of
ðâ; b̂Þ, and the asymptotic variance of X̂T.

The asymptotic variances and covariance of â and b̂ are
calculated from the variances and covariance of the sample
moments M̂l1 ;0 and M̂l2 ;0 as follows:
VarðâÞ
Varðb̂Þ
Covðâ; b̂Þ

2
64

3
75 ¼

M2
11 M2

12 2M11M12

M2
21 M2

22 2M21M22

M11M21 M12M22 M11M22 þM21M12

2
64

3
75
�1

�
VarðM̂l1 ;0Þ
VarðM̂l2 ;0Þ
CovðM̂l1 ;0; M̂l2 ;0Þ

2
664

3
775; ðA:1Þ

where:

M11 ¼
@Ml1 ;0

@a
¼ l21a

l1�1p
b

½sinðpl1=bÞ��1; ðA:2Þ

M12 ¼
@Ml1 ;0

@b
¼ al1pl1

b2

pl1
b
½sinðpl1=bÞ��2 cosðpl1=bÞ

�

�½sinðpl1=bÞ��1
�
. ðA:3Þ

M21 and M22 are, respectively, obtained from M11 and M12 by
simply replacing l1 by l2.

We also have:

VarðM̂l1;0Þ ¼
1

n
½M2l1 ;0 �M2

l1 ;0
�

¼ a2l1pl1
nb

2½sinð2l1p=bÞ��1 �
pl1
b
½sinðpl1=bÞ��2

� �
;

� b=2 < l1 < b=2; ðA:4Þ

VarðM̂l2;0Þ ¼
1

n
½M2l2 ;0 �M2

l2 ;0
�; �b=2 < l2 < b=2; ðA:5Þ

where (A.5) is obtained from (A.4) by simply replacing l1 by
l2;

CovðM̂l1 ;0; M̂l2 ;0Þ ¼
1

n
½Ml1þl2 ;0 �Ml1 ;0Ml2 ;0�

¼ al1þl2p
nb

ðl1 þ l2Þ sin
pðl1 þ l2Þ

b

� ��1(

� pl1l2
b

sin
pl1
b

� ��1
sin

pl2
b

� ��1)
;

� b < l1 þ l2 < b. ðA:6Þ

By substituting (A.2) through (A.6), into (A.1), the desired
variances and covariance of ðâ; b̂Þ are obtained.

In the case of estimation by the GM(0,1) method, Eqs.
(A.1)–(A.3) remain the same, but with l1 = 1 and l2 = 0.
However, we now have: M21 = 1/a and M22 = 0. Eq. (A.4) re-
mains also the same, but with l1 = 1. Eq. (A.5) becomes:

VarðM̂0;0Þ ¼ p2=3nb2. ðA:7Þ

In addition, Eq. (A.6) becomes:

CovðM̂0;0; M̂1;0Þ ¼
pa½1� b�1ctgðp=bÞ�

nb sinðp=bÞ . ðA:8Þ

The asymptotic variance of the quantile estimator X̂T is cal-
culated by the equation

VarðX̂TÞ ¼
@XT

@a

� �2

VarðâÞ þ @XT

@b

� �2

Varðb̂Þ

þ 2
@XT

@a

� �
@XT

@b

� �
Covðâ; b̂Þ; ðA:9Þ
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where

@XT

@a
¼ ðT � 1Þ1=b; ðA:10Þ

@XT

@b
¼ � a

b2
ðT � 1Þ1=b lnðT � 1Þ. ðA:11Þ
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